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Abstract: We obtain Yang-Mills SU{2) x G gauged supergravity in three dimensions 
from SU{2) group manifold reduction of (1,0) six dimensional supergravity coupled 
to an anti-symmetric tensor multiplet and gauge vector multiplets in the adjoint of 
G. The reduced theory is consistently truncated to iV = 4 3D supergravity coupled 
to 4(1 -|- dimG) bosonic and 4(1 + dimG) fermionic propagating degrees of freedom. 
This is in contrast to the reduction in which there are also massive vector fields. The 
scalar manifold is R x so{3)x 'so{dhnG) ' there is a SU{2) x G gauge group. We 
then construct N = 4 Chern-Simons (5*0(3) x R'^) x (G x R'^™'^) three dimensional 
gauged supergravity with scalar manifold 5o'(^ x'soif+^lc) explicitly show that this 
theory is on-shell equivalent to the Yang-Mills SO (3) x G gauged supergravity theory 
obtained from the SU{2) reduction, after integrating out the scalars and gauge fields 
corresponding to the translational symmetries R^ x R^™*^. 
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1. Introduction 



Three dimensional Chern-Simons gauged supergravities have a very rich structure and 
admit various types of gauging including non-semisimple and complex gauge groups 
[]I], ^ ^ ^. It has been shown in ^ ^ that non-semisimple Chern-Simons gaugings 
with gauge group G k RdimG ^-^.^ on-shell equivalent to semisimple Yang- Mills gaugings 
with gauge group G, including Chern-Simons couplings. This result makes it possible 
to obtain some of the Chern-Simons gauged supergravities with non-semisimple gauge 
groups from dimensional reductions of higher dimensional theories. For example, in 
[P, 1^ the dimensional reduction of pure (1,0) six-dimensional supergravity on an SU{2) 
group manifold has been shown to give rise to a three dimensional gauged supergrav- 
ity with SU (2) Yang-Mills gauge group plus SU (2) massive Chern-Simons vector fields 
and scalars in GL{3, H)/ S0{3), whose action has the structure essentially found in 0. 
Also, the = 8 theories studied in M and [TO, ITTl, with ^0(4) and 50(4)2 Yang-Mills 



gaugings respectively, are expected to arise from six dimensional (2,0) theory on 
and from JIB theory on x x S^, respectively. Notice that in these examples, on 
the 3D supergravity side one can allow different gauge couplings for the two S'?7(2)'s 
in SO [4), whereas from the dimensional reduction there is a single gauge coupling 
for the gauge fields arising from the isometrics of S^. 

In this paper, we will consider an = 4, 3D gauged supergravity where the scalar 
manifold is a single quaternionic space soi4)xso^7£lG) {SO (3) x R^) x{Gx R'^''^^) 
Chern-Simons gauging, where G is an arbitrary semisimple group. We will show that 
this theory can be obtained from an SU{2) reduction of a (1,0) six-dimensional super- 
gravity coupled to a tensor multiplet and Yang-Mills multiplets of the gauge group G. 

The six dimensional (1,0) gauged supergravity has been constructed in and 
extended to couple to tit anti-symmetric tensor multiplets, ny vector multiplets and 



riH hypermultiplets in |]13| . The theory has been completed with quartic fermion terms 
in [jl4|. For earlier constructions of six dimensional (1,0) supergravity, we refer the 
reader to |15, 1^. We only consider the truncation of this extended theory to the un- 
gauged theory, with ut = I and tih = 0, coupled to G Yang-Mills gauge fields. After 
reducing to three dimensions, we will show that the resulting theory is equivalent to 
the Chern-Simons gauged theory by reversing the procedure of [^. 

The paper is organized as follows. In section H, we review (1,0) six dimensional 
supergravity in order to set up our notations. In section |^, we will perform the SU (2) 
group manifold reduction of (1,0) six dimensional supergravity coupled to an anti- 
symmetric tensor and G Yang- Mills multiplets and obtain SU (2) x G Yang- Mills gauged 
supergravity in three dimensions. The resulting theory contains 4(1 + dimC) bosons 
and 4(1 + dimG) fermions with the scalar manifold being R x so(3)xso(dfmG) • While it 
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is known that the most general SU{2) reduction, including massive vector fields, is con- 
sistent, the novel feature of our work is that we make a further truncation by removing 
the massive vector fields and show that it is consistent. In section ^, we construct an 
N = 4 Chern-Simons {S0{3) x R'^) x (G x R'^'™*^) gauged theory with a scalar man- 
ifold so{?)x 's)!)(i+^mG) show that it is indeed equivalent to 5*0(3) x G Yang-Mills 
gauged theory with scalar manifold R x so{3)x 's^o{^mG) ^^er removing 3 + dimC scalars 
corresponding to the translational symmetries. We finally give some conclusions and 
comments in section |^. 



2. N = (1,0) six dimensional supergravity 

In this section, we briefiy review and set up our notations for (1,0) six dimensional 
supergravity coupled to an antisymmetric tensor and G Yang-Mills multiplets. Pure 
(1,0) supergravity does not have a covariant action because of the self-duality of the 
three form field strength. Due to the anti-self duality of the 3-form field strength in the 
tensor multiplet, the coupled theory does admit a Lagrangian formulation. Six dimen- 
sional supergravity coupled to anti-self dual tensor multiplets, ny Yang-Mills vector 
multiplets and uh hypermultiplets has been constructed in We are interested in 
the case of n-r = 1 which admits a supersymmetric action. The theory considered 
here contains N = 1 supergravity multiplet, one antisymmetric tensor multiplet and 
dim G Yang-Mills multiplets of an arbitrary gauge group G. We also assume that the 
group G commutes with the SU{2) ~ 5*^(1) R-symmetry group. The field content in 
this case is given by the graviton e^, gravitino ip^^, third rank anti-symmetric tensor 
G^MNP^ scalar 6, spin ^ fermion x, G gauge fields with / = 1,2,..., dimG and 
the G gauginos A^. The six dimensional spacetime indices are M, = 0, . . . 5 with the 
tangent space indices M, iV = 0, . . . 5 while A, B = 1,2 are Sp{l) R-symmetry indices. 
The Lagrangian for this theory, with -u^ = 0, is given by 



+2t;^e^A^r^^^^A^] (2.1) 
where e = y/—g. We use the same metric signature as in |13[, ( — h + + ++). The 
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supersymmetry transformations for various fields are ||13 | 



5^ 



M 



56 
5X{ 



62 lb 

+^NpXeTj^f^X), 



ex, 
1 



-eV mX\ 



^e'T'^'^^GsMNPe + Iv^e'v"^ X^ (eTMX^) 



-i ^mn'^a -C^ V e X{aXb)(^ ■ 



(2.2) 



Notice that by our assumption on the gauge group G on the r.h.s. of (5A^, the term 
C^^ep is missing. One can see, using the formahsm developed in the next section, that 
the presence of this term would imply a reduction of supersymmetry (if any) of the 



three dimensional theory. The bosonic field equations are given by [[13 1 
Rmn 



-QmnR — -^e^^ {'^G-iMpqG^^'^ — -gAmGspQpGs^^^) 



dued^'e + \gMNdp9d''d - e'{2FifF^p - 


^9mnFpqF^^^) 


= 0, 


(2.3) 


e OM{eg 0^^) - -e Pmn^ - g 


•len n MNP 

6 '^■ihlNP'^Z 


= 0, 


(2.4) 


Dj,{ee'F'^''') 




= 0, 


(2.5) 




DM{ee^'G^'''^) 


= 0. 


(2.6) 



We also choose = 1 from now on. The three form field strength is 



G3 = dh + F' ^A' - \g2fijKA' ^A' ^A'' 



(2.7) 



where g2 and fuK are coupling and structure constants of the gauge group G, respec- 



tively. The equations of motion for various fermions can be found in [^. We will not 
repeat them here because they will not be needed in this work. In the next section, we 
will give the reduction ansatz and perform the dimensional reduction of this theory on 
the SU{2) group manifold. 
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3. 3D SU{2) X G gauged supergravity from (1,0) six dimensional 
supergravity on 

In this section, we study Kaluza-Klein reduction of the (1,0) six dimensional supergrav- 
ity coupled to an anti-symmetric and Yang-Mills vector multiplets with a gauge group 
G on SU{2) group manifold. The result is the iV = 4, SU{2) x G gauged supergravity 
in three dimensions. The (1,0) six dimensional supergravity has been obtained from 
various compactifications of string and M theory e.g. [H^, [1^. These compactifica- 
tions have been used to study many aspects of string dualities in six dimensions e.g. 



m, 0. 



3.1 Reduction ansatz on SU{2) group manifold 

We now give our reduction ansatz. We will put a hat on all the six dimensional fields 
from now on. We use the following reduction ansatz: 

F' = dA' + ]^g2fijKA' A 

= F'- g.AiF^ + VAi A z/" + ^{g^AiAf fjjj, - e^p,A'^)v^ A (3.1) 
where the SU{2) x G covariant derivative is given by 

VAi = dAi + g.e^p^A^A!^ + g^fuxA'A^. (3.2) 

The three dimensional field strength = dA^ + \g2fijKA^ A A^ . From the metric, 
we can read off the vielbein components 

e'^ = e^e^ = e^L^" with Kp = L^V^. (3.3) 

The left-invariant SU{2) 1-forms cr" satisfy 

da" = —eap-ycr'^ A (T^ . (3.4) 

The ea/3'y and fjjx are the SU{2) and G structure constants, respectively. The metric 
hai3 and a (3 x 3) matrix are unimodular. The spin connections are given by 

Wafe = i^ab + e'^{dbfr]ac - dafr]bc)e^ + ]^gie^-'^f Fi^,e\ 

= -e-fPai,& - e-fdag& + e3-^fFi,e\ 
1 



UJ. 



e-^Qaije^ + i^e-^iT^'e^.i + T^'e^ki - r'e.fcOe' (3.5) 



2 
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where 

F' = V^F^, T^=V^Li, DV^ = dV^-g^e^p,A'V^. (3.6) 
We use the same conventions as in namely 

DF"" = dF"" + git^is^Af^ A = 0, 

Dz." = dz.- + g.e^^^A^ Au^ = -g^F'^ - ^e^^y A v\ (3.7) 

The indices (M, M) reduce to (/i, a) in three dimensions while the part is described 
by indices (a,i). The ansatz for is 

Gg = /leg + aeo^p^v"" A z/^ A z/^ + e„^^C° A z/^ A z/^ + if" A z/" 

A - ^^72/7Ji^i' A A i^. (3.8) 



The first line in (|3.8|) is the dh which must be closed. This requires that 

m = 2DB'^ - GagiF'^. (3.9) 

We also choose the one form Ca = ^Aj^A^ to further simplify the ansatz and truncate 
the vector field out. Putting all together, we end up with the following G3 ansatz 

G3 = he-i + A z/" + ^K^^ A z/" A z//^ 

+ -fie„fl^z/" A z/^ A z/^ (3.10) 
6 

where h = he^ + F^ A A^ - \g2A^ A A-^ A A^fuK- We have defined the following 
quantities 

= Ai{F' + F') - Qag.F'', F' = F' - giA^F'^ , 
K^p = A^^VAi - AiVA'p, 

1 
3 

and a is a constant. The ansatz for the Yang-Mills fields can be rewritten as 



a = 6a - AiAi + -g2A\ A" = AiA^A^^ fuKe^p^, (3.1i; 



F' = F' + VAi A z/" + \j'iy A z/^ (3.12) 
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where J"^^ = giA^A^fuK - Ai^e^p^. 

The volume form in three dimensions is defined by 



^3 



6 



U3. 



(3.13) 



The six dimensional gamma matrices decompose as [ 

(72, 17 = 12(8)12® 0-3 



.,abc 



I2 ® 7' 

,a6c 



The conventions are tjab 
further choose 

7° 



+ + + ++), Vab = (- + +) and e 



012 



ia^, 7^ 



7 



(3.14) 
345 = 1. We 

(3.15) 



where a*, r*, i 
Tre^ = becomes I2 ® I2 ® cise^ 



1,2,3 are the usual Pauli matrices. Also the chirality condition 



Before proceeding further, let us count the number of degrees of freedom. Table PT 



shows all three dimensional fields arising from the six dimensional ones. From table 



6D fields 


3D fields 


3D number of degrees of freedom 


(JMN 




non propagating 




AOL 


3 




hal3 


5 
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1 






non propagating 






3 




ba/3 


3 


e 


e 


1 




A^ 


dimG 




A^ 


3 dimG 






non propagating 






12 






4dimG' 


X 


X 


4 



Table 1: Three dimensional fields and the associated number of degrees of freedom. 



3A\ there are 16 + 4dimG bosonic and 16 + 4dimG fermionic degrees of freedom in the 
full reduced theory. In this counting, each six dimensional fermion gives rise to 4 three 
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dimensional fermions. In the reduction of the six dimensional theory, the component 
bfj^a will give rise to massive vector fields in three dimensions. Our goal is to truncate 
this theory to obtain a three dimensional = 4 gauged supergravity involving only 
gravity, scalars and gauge fields without massive vector fields. The resulting theory will 
have 4(1 + dimG) bosonic and 4(1 + dimG) fermionic propagating degrees of freedom. 
To achieve this, we need to truncate 12 degrees of freedom out. From the ansatz 
expressed entirely in terms of gauge fields, scalars coming from the gauge fields in 
six dimensions and constants, we see that all the fields coming from Bmn have been 
truncated out. This accounts for 6 degrees of freedom. We will see below that hap and 
9, comprising 6 degrees of freedom, will be truncated, too. 

In the fermionic sector, we find that the truncation is given by 

- - 2e'-^Ai{L-')fx' = 0. (3.16) 

Indeed, this removes 12 fermionic degrees of freedom. We have checked that this 
truncation is compatible with supersymmetry to leading order in fermions. We refer 
the readers to appendix for the detail of this computation. From appendix 0, we 
find that 

6^, - ^r,6x - 2e'-^Ai{L-')26X' = (3.17) 

provided that 

h^p = e'-^%l2a6^p - 2A^4) = e'-^^^p. (3.18) 
This is the truncation in the bosonic sector. From (p.l8|) , it follows that 



e = 2g--\nN (3.19) 
3 

where N = det^Na/^). Also, from ( |3.18| ), it can be easily checked that 

SKp - e'-^3{l2a5^p - 2A^4)] = (3.20) 



to leading order in fermions by using (|3.16| ). The detail can be found in appendix ^ So, 



the relation (|3.18| ) is compatible with supersymmetry. Equations ( |3.18| ) and ( |3.19| ) give 
another truncation in the bosonic sector and remove 6 degrees of freedom. The bosonic 
degree of freedoms are then given by 1 + 3dim(G) scalars, g and A^, and 3 + dim(G) 
vectors. A"" and A^ . So, the reduced theory contains 4(1 + dimG) propagating degrees 
of freedom and involves only gravity, scalars and vector gauge fields. 

We now check the consistency of the six dimensional field equations. It is convenient 
to rewrite equations (p.4|), (p. 51) and (p.6|) in differential forms. We find that these 
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equations can be written as 

V{e^^iG^) = 0, (3.21) 

V{ehF^) - 2e^hG3 A = 0, (3.22) 

dide + ehP^ AF^ + 2e'^hG3 A = . (3.23) 

In order to obtain the canonical Einstein-Hilbert term in three dimensions, we choose 
/ = —3g from now on. Before giving equations of motion, we give here the Hodge dual 
of and Gs 

+ le-''3J^i^h^seafisoo3 A u\ (3.24) 

ids = --e^^heo^p^u" Au^ Av< + -e^^h^'^ep^s * F° A z/^ A z/^ 
3 • 2 

—e-^^eo^p^h^s * K^p Av^ + fie-^^^wg • (3.25) 

The * and * are Hodge dualities in six and three dimensions, respectively. After using 
our ansatz in (p.21|) , (|3.22|) and ( p.23|) , we find the following set of equations 

V{e^'+''^h) = , (3.26) 

V{e^+^m"^ * F^) + ^iCiF" + ^^t^p^N'^'^N^'^ * K^,p, = , (3.27) 

V{N"m^^ * Kap) - ^ie^+^^(A^"^ *F" AF^ - N"^ * A F^) = , (3.28) 
^{e^+eg ^ pi) + 2ciF^ - 2e''+^f A^""' * F"' A VA^ 

* K^,^, + g,N-^fjjj,Ai * VA^ = , (3.29) 
P(Ar"^ * VA^p) + ^ie^+^^ * F^ A F" - 2e^+^^A^"^ * F^ A F^ 

-d^'-^'^^e^fi^Tl^uj^ + g<,jijKe''~'''AlT^.f,,N^'f'N'^f''u^ = , (3.30) 

2d*dg --dlnN + 6^+^^ * F^ A F^ + A^"°' * VA^^, A VA^ 
3 

+ie^+69Ar°«' * F"' A F"^ + ]^N'"^'N^^' * K^,p, A K^.^ + cJe-^^-^^g^^ 

+\e''-''N--'N^^'FipFi,p,uj, + d'e-'^^u, = , (3.31) 

where we have used the summation convention on a,(3, . . . regardless their upper or 
lower positions, and iV"^ = (A^~^)a^. We have also used the solution for equation 
(|3.26|) namely 

/ie2^+39 = ci (3.32) 
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with a constant ci in other equations. Equation ( |3.28|) can be obtained by multiplying 
( |3.3CI|) by Ap,N^^' and antisymmetrizing in a and /3. By using the explicit forms of the 
Ricci tensors given in the scalar equation ( p.30P , after multiplied by e^^~^ N^^' A^^, 
and symmetrized in a and /3, is the same as component ij of the Einstein equation 
with the trace part of Einstein equation taking care of equation ( p.31| ). Component ah 
the Einstein equation will give three dimensional Einstein equation which we will not 
give the explicit form here. Equation ( p. 27 ) gives Yang-Mills equations for A^. The 
combination [ (|3.29|) +2Aj^ i W27\j ] gives Yang-Mills equations for A^ 

V[e^+^3[{6ij + 4A^A^Ar"^)F^ - 24^iaA^iV"'^F^]] + 2ciF^ 
+92fijKN''^Aj, * VA^ + g^fuKN'^'^'N^^'AiA^ * K^,p, = . (3.33) 

We have checked that the equation for is the same as component ai of the Einstein 
equation. So, there are two Yang-Mills equations for and F^, one equation for g 
and one equation for A^. All six dimensional field equations are satisfied by our ansatz. 

3.2 Three dimensional gauged supergravity Lagrangian 

All three dimensional equations of motion obtained in the previous subsection can be 
obtained from the following Lagrangian, with e = ee^^^^^ = ee~^^, 

C = ^R*1- ^N-h^s [{5ij + AA^Af^N'^^) * A F-^ - 48a^iAr"^Aj * F° A F^ 
+6a^^(24aA^"^ - 5^^) * F" A F^] - *d{2g - ^InN) A d{2g - ^ In A^) 
-Iat"'' ^ -pAi A VAj^ - N''''' N^^' A^pA^, * VA^ A VA^ -V*l + Ccs (3.34) 
which is the same as the dimensional reduction of the Lagrangian 

Cb = ]r*1 - ]*d9 A d9 - \e^^*G^ AG3- \ehF^ A F^ (3.35) 

together with the Chern-Simons terms. The scalar potential and the Chern-Simons 
Lagrangian are given by 

V=^ [N-l{N^pN^p - ^N^^Npp) + 2Ar-ie"«%2 

+Nh-^m'"''N^^yif^J^i,f^, - 2c?Arie-i^^] , (3.36) 
Ccs = 2ci [F' A A'- ^g2fijKA' A A' A A^) 

-120^1^01 (F° A A" - ^^le^^^A" A A A^) . (3.37) 
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In order to make formulae simpler and the symmetries of the scalar manifold more 
transparent, we make the following rescalings. We first restore the coupling gi in the 
appropriate places by setting 

(3.38) 

9i 

We can then remove the constant a by setting 



- ^ 
6a' 



92 

92 = 



^, Ai. 



/6a 
and 



9i 

6a - 

91 



\/6a 
91 



6a 



= V6EA^ . (3.39) 
After removing all the bars, we obtain the Lagrangian 

£ = li? * 1 - ie^^*[((57j + AN^'^AiAj) * A F"^ - 8A^"^^J * A 

+(47^^/5 - 6^^) * F" A F'^] - i * d$ A - -Ar"/3 * VA^ A P^J 

_^aa'^/3/j'^/^j * A VAi, -V + jCcs (3-40) 



where we have introduced the canonically normalized scalar for the gauge singlet com- 
bination 



$ = 2\/2o - — In AT . 
^ 12 

The scalar potential and Chern-Simons terms are now 



(3.41) 



£cs = 2ci 



F^AA^--^2/w^'Ayl^AA^ 
6 



-(F- A A° A --5ie„;37^" A A'' A A^) 



(3.42) 



(3.43) 



with 



a = yi(l-AX) + ^^2>l', 



(3.44) 
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We first look at the scalar matrix appearing in the gauge kinetic terms 



Mjp MjjJ V -^N-'^Ai djj + AN^^AiA-'^ 

Introducing the matrix notation for A\ = A which is an n x 3, n = dimG, matrix and 
denoting I3 = I3X3 etc, we find 

N^p = N = 2 (h - A* A J , iV"/^ = = i ^, (3.46) 

^ ^ 2(l3-A*A' 



I3+A*A _ 

M = e^^* I ^ , ^t^^ 1 . (3.47) 




It follows that 



/ I3+A'A o 1 At\ 



$. The scalar kinetic terms give rise to the metric on R x 



AA*"' In-A'A 
50(3,n) 

SO{3,n) 



The scalars form the coset space R x soi3)xso(n) ^i^h the factor R corresponding to 



50(3)xSO{n) 



* rf$ A rf$ - ^A^"^ * VAi A - A^^^'iV^'^'/lJ/l^, * VAi A PA^, 
= --*rf$Arf<l'-iTr( ^rT^*PA*A- 3— -PA). (3.49) 

With all these results, the Lagrangian can be simply written as 

C = -R*l--*d<i> Ad<l> -\tt( ^rT^*I?A*A- \—Va] 

4 2 4 Vl3-A*A I„-AA* J 

A^^^^^Mab *F^AF^-V + Ccs (3.50) 
where A,B= {a, I). 

We now come to supersymmetries of our truncated theory. We will show that this 
truncation is indeed compatible with supersymmetry namely supersymmetry transfor- 
mations of various components of Imn must be consistent with our specific choices of 

= ^A^^A^ . This ensures that all the truncated fields will not be generated via su- 
persymmetry. For the filed b^^^, we have eliminated it by using the equation of motion 
for Gs in (|3.26|) . Because of its non propagating nature, we do not need to worry about 
it. For SG^^ap and SG^^^a, we have checked that they are consistent. The detail of this 
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check can be found in appendix 0. We have then verified that our truncated theory 
is a supersymmetric theory. We will also give a confirmation to this claim in the next 
section in which we will show that this theory is on-shell equivalent to a manifestly 
supersymmetric (5*0(3) k R'^) x (G k R") Chern-Simons gauged supergravity. 

The final issue we should add here is the diagonalization of the fermion kinetic 
terms. Applying the result of we find that our fermion kinetic Lagrangian can be 
written as 

e-^/:Fkinetic = -^V^^r^'^^D,^, - ^xr^/^^X - \{5" + AN^^AiA'pYX'T^^V^X' (3.51) 
where the three dimensional fields are given by 

^a = e-^(V>, + r,rv,) 

^^ = e-'-^i^. - Ivd) = 2e-^+^4'A^ Aj = Aie-^{L-')t 
X = e"^(rVi + ^x) 

A^ = ei-^A^ (3.52) 



4. Chern-Simons and Yang-Mills gaugings in three dimensions 

In this section, we show the on-shell equivalence between non-semisimple Chern-Simons 
and semisimple Yang-Mills gaugings in three dimensions We will construct Chern- 
Simons gauged supergravity with gauge groups {SO (3) k R^) x (G ix R"), n = dimG, 
and show that the gauging is consistent according to the criterion given in We 
then show that this theory is on-shell equivalent to the SU{2) x G gauged supergravity 
obtained from SU (2) reduction in the previous section. 

Before going to the discussion in details, we give some necessary equations, we 
will use throughout this section, from After integrate out the scalars and gauge 
fields corresponding to the translations or shift symmetries, the non-semisimple Chern- 
Simons gauged theory with scalar manifold G/ H becomes semisimple Yang-Mills gauged 
supergravity with smaller scalar manifold G' /H' . The resulting Lagrangian is given by 
i 

+le-h^^''m^J;\F;Z'Pp - v (4.1) 

where all the notations are the same as that in apart from the metric signature, 
( h +). We also use our notation for the gauge couplings. We repeat here the 
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quantities appearing in (|4.1|) 

Gab = Sab - V^M^^V^^, = (V^V-^)-\ 



(4.2) 



We are now in a position to construct a consistent Chern-Simons gauged super- 
gravity with gauge groups {S0{?>) k R^) x (G x R"). We proceed as in |TD| using the 
formulation of 

The A{l+n) scalar fields are described by a coset space so(^)xso{n+i) ■ parametrize 
the coset by 

where A is a symmetric 4x4 matrix, i? is a 4 x (ra + 1) matrix, and C is a symmetric 
(n + 1) X (n + 1) matrix. These matrices satisfy the relations 

- BB^ = I4, 
AB- BC = 0, 

- B'B = . (4.4) 

The gauging is characterized by the embedding tensor 

The ranges of the indices are ai,6i = 1,2,3 and 02,^2 = l,---,n. We denote the 
(5 + n) X (5 + n) matrix in the block form 



4x4 



(n + 1) X 4 



4 X (n + 1) 



(n + l) X {n + 1) 



(4.6) 



With this form, the generators of 5*0(4, 1 + n) can be shown as 



-^50 (4) 


Y 




JsO{n+l) 



(4.7) 
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with Y being non-compact and given by e^f + ef^. We further divide each block by 
separating its last row and last column from the rest and use the following ranges of 
indices: 

a, (3 = 1,2,3, I , J = 1, . . . ,n, / = 5, . . . , n + 5, and a, b = 1, ... ,4. 
Various gauge groups are described by the following generators: 



S0{3) 


JZ = 




G 


JL = 




R3 


K = 




R" 


JL = 


64^7+4 + e/+4^4 + en+5,1+4: — e/+4,n+5 




with 


(eab)cd = SaJbd, etc . 



Schematically, these gauge generators are embedded in the [5 + n) x (5 + n) matrix as 



Jai(3x3) 


-bi 
(3x1) 




b, \ 
(3x1) 


b{{l X 3) 




62(1 X n) 






b2 
{n X 1) 


{n X n) 


-62 
(n X 1) 


b\{l X 3) 




62(1 X n) 





(4.9) 



where each bi and 62 correspond to various e's factors in J^^ and in ( ^4.8| ). Notice 
that the shift generators have components in both 5*0(4) x SO{n + 1) and Y parts. 
Furthermore, Jh^ and transform as adjoint representations of the gauge groups 
S'0(3) and G, respectively. 

From this information, we can construct T-tensors and check the consistency of the 
gauging according to the criterion given in 0, PgT^"^''^-'" = 0. The consistency requires 
that 

h2 = -h^. (4.10) 

The 4(1 + n) scalars correspond to the non-compact generators Y . After using the shift 
symmetries to remove some of the shifted scalars and gauge fields, we are left with 
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1 + 3n scalars embedded in (5 + x (5 + n) matrix as 



1 



Via -A* A 



1 



VIn-AA' 



A 



v 



cosh 



sinh 1/2$ 



1 A t 



Vl3-A*A' 



1 



VIn-AA* 



sinh a/2<I> 



(4.11) 



cosh 1/2$ / 



Note that in ( [4.11D , we have chosen a specific form of A, B and C. A is an n x 3 matrix 
to be identified with in the previous section. The resulting coset space is readily 
recognized as R x c^'o'^'^x'^soi'n') which $ corresponds to the R ~ S0{1, 1) part. 



50(3)xSO{n) 

In this (50(3) x R^) x (G x R") gauged theory, we find that 







(4.12) 



by using V's given in appendix ^ and computing from ( [4.2| ). So, there is no coupling 
term between scalars and gauge field strength in ( |4.1j ). Another consequence of this is 
that the scalar metric Gab in ( |4.1| ) is effectively 5ab- 

From ( pyiP , we can compute the scalar manifold metric which is given by the 
general expression 



1 



Tr(L-idL|yL-ML|y) 



(4.13) 



where |y means that we take the coset component of the corresponding one-form. Using 
the relation A* ,^ = ^^=^j^A*, we find, after a straightforward calculation. 



Vln-AA* 
/ 



L-^dLW 








1 ^At 1 

VIs-A'A Vln-AA* 













VIn-AA*"-"-Vl3-AtA 



















(4.14) 



v 

where we have given only the coset components to simplify the equation. The scalar 
metric is then given by 



ds^ = + ^Trf ^-rrrd^' 

2 4 Vl3-A*A I„-AA' 



dA 



(4.15) 



- 15 - 



This is exactly the same scalar metric appearing in the scalar kinetic terms in ( |3.49D . 
The scalar matrix appearing in the gauge field kinetic terms can be computed as follows. 
From (|4.1|) and ( [4 .21 ), we can write 

M^„ = M^i„ where = V^V^^ . (4.16) 

In our case, the indices m, n = 61,62, and m,n = ai,a2. With properly normalized 
coset generators Y^, we find that 

M - 1^^-1-1 ^-^-^ \ M - V'^ V'^ 
I M M / ' '""^ - ^ A 

\ ■'■via2ai ■'■''■'■0202 / 

where i, 3 = 1,2 and v\ = Tr(L~Vfe,LF^). (4.17) 

After some algebra, we find that the matrix Ma,a, is the same as M.ab in (|3.50|) . So, 
the reduced scalar coset from the Chern- Simons gauged theory is the same as that in 
the Yang-Mills gauged theory obtained form the SU{2) reduction. 

Finally, we have to check the scalar potential. From the embedding tensor, we can 
compute the potential by using 

V = 4' 4' - 2cf^£i£^. (4. 18) 

We find that potential obtained here is exactly the same as in ( |3.42| ). We give the 
details of this calculation in appendix |B[ We have now completely shown that the 
Chern-Simons gauged theory constructed in this section is the same as the Yang-Mills 
gauged theory obtained from the SU{2) reduction in the previous section. 



5. Conclusions 

We have obtained Yang-Mills SU (2) x G gauged supergravity in three dimensions from 
SU{2) group manifold reduction of six dimensional (1,0) supergravity coupled to an 
anti-symmetric tensor and G Yang-Mills multiplets. We have also given consistent 
truncations in both bosonic and fermionic fields from which the resulting consistent 
reduction ansatz followed. The truncation, which removes three dimensional massive 
vector fields, results in an = 4 supergravity theory describing 4(1 -t- dimG) bosonic 
propagating degrees of freedom, 1 -|- 3dimG scalars and 3 -|- dimG gauge fields, to- 
gether with 4(1 -|- dimG) fermions. The scalar fields are coordinates in the coset space 

T3 50(3,dimG) 

S'0{3)x50(dimG) ' 

Furthermore, we have explicitly constructed the A^ = 4 Chern-Simons (5*0(3) >< 
R'^) X (G K R'^'™'^) gauged supergravity in three dimensions, following the general pro- 
cedure detailed in [ffl. The scalar manifold ^r5?}\]^n^^J^^ r^-. becomes Rx ^^,?S^'fJ,TJ^^ r^, 

U-J SO(4)xSO(l+aimG) SO(3)xSO(aimG) 
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after removing the scalars corresponding to the translations or shift symmetries. We 
have shown the agreement between the resulting Lagrangian and the Lagrangian ob- 
tained from dimensional reduction i.e. the gauge field kinetic terms, the scalar manifold 
metrics and scalar potentials. 

We have not given the supersymmetry transformations of the three dimensional 
fields here. These can, in principle, be obtained by direct computations or using the re- 
sults in with our truncations. Although supersymmetry transformations of fermions 
are essential, for example for finding BPS solutions, it is more convenient to work with 
the equivalent Chern- Simons gauged theory as the latter turns out to be simpler than 
the equivalent Yang-Mills theory, see 0] for a discussion. In particular, the consistency 
of the Chern-Simons gauging is encoded in a single algebraic condition on the embed- 
ding tensor 0, 0, |, §. 

In the case where G = SU{2), the SU{2) x SU{2) Yang- Mills gauged theory is the 
same as {SUi2) k R^)^ Chern-Simons gauged theory with scalar manifold so{i)y.'so{4) • 
Such quaternionic space has been considered in [^, however the {SU{2) ix R^)^ gaug- 
ing appearing there is different from the one in this paper. The two gauged 5'[/(2)'s 
in |jTO| are the diagonal subgroups of the two SU{2)l and the two SU(2)ji respectively 
of the 5*0 (4) X 5*0(4). The latter can be constructed using the parametrization of the 



target space in terms of e and B matrices as in [|T0|. The action of shift symmetry 



generators is to shift B. We can simply set i? = in this parametrization to obtain 
the Yang-Mills coset. Although the identification of (A^, $) and e is complicated, with 
the help of Mathematica, it can be shown that the two theories are indeed equivalent. 

It is interesting to study RG flow solutions in both Chern-Simons and Yang-Mills 
gauged theories, which, by the present results, can be lifted up to six dimensions. We 
will report the results of this analysis in a forthcoming paper [^. A natural open 
problem is how to obtain 3D = 4 gauged supergravity with two quaternionic scalar 
manifolds, for example to recover the theory studied in Presumably we would 

need to add hypermultiplets to the six dimensional theory, whose scalars themselves 
live on a quaternionic manifold, or perhaps, we may even need to start with extended 
supersymmetry in six dimensions. 
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A. Details of the calculations 

In this appendix, we present some details of the calculations mentioned in section |^. 
A.l Supersymmetry of the fermionic truncation 

In order to check the supersymmetry transformation of (|3.16|) , we start by putting our 



ansatz to the d-ipi, 5x and ^A'^ given in (|2.2|) . The result is 

+ ^e-^ (T,, - ^r5,,) (1 ® 7^' ® l)e + [^e-^^-^(L-i)J_f (1 ® i ® a^) 
+ 1^1 ® 1 ® oTi) + )e-^-''^{L-^t{L-y^t,,uA\l()A\{\ ® 7^' ® a^) 

+ ^Se"^»(l® l(8)(T2)](l®y ®^2)e (A.l) 
bx = ^^0e - e' [h{l ®l®a^) + ^e-^^-3{L~^)ff{l ®Y® aa) 
+ ^e-^-2^(L-i)f (L-i)Je,,,A:;^4(l ® ^'^ ® a,) 

+ ^ae-'^3{l®l®a2)]e (A.2) 

6X' = ^[e-2^/(l ® 1 ® 1) + 2te-f-3{L-^)t'pAi{l ® ® a^) 

+ie-'^{L-')'^{L-'p,,,:Fi^{l ® 7' ® (A.3) 

We have used the notations = Fl^j^T^^ etc. From these equations and I2 ® I2 ® 
a^e^ = e"^, we find, up to leading order in fermions, that 

5ij, - ir,5x - 2e'-^Ai{L-'^)t5\' = (A.4) 

provided that 

Kp = e'-^^{l2a5^p - 2^^^) = e'-^^N^p. (A.5) 
In proving this result, the following relations are useful 

T = T = e^^'^^N 

LaL'l^Parj = ^/^a (c^"'^ A„^) . (A.6) 
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A. 2 Supersymmetry of the bosonic truncation 

To check ( p.20 ), we start by noting that 

9afS = e^'Kp = e\l2a5^p - 2^14). (A.7) 

It follows that, with cjajB = |(rQ,r^ + r^r^), 

Sgcf^ = dOg^p - 2e\Ai6A'p + M^AJ), or 

= e^(r,r^ + TpT^)x + 2e't{Tp\'Ai + T^AMJ), 
or er, - - 2e^4A^^ + (a ^ /3) = (A.8) 

where we have temporarily dropped the hats on the fermions in order to simplify the 
equations. 

We then move to the supersymmetry transformations of hMN- It is more convenient 
to work with the transformation of the filed strength G^. With equation ( p.l6| ), the 
component 5hap vanishes identically. The ^Gs^a/j gives the condition 

5h,^ = 5{AiAl - Qag.A^^) . (A.9) 

Using A^ = A^ + giAl^A" and 6b from {^^, we find that 



6b^o. - S{AiAl - GagiA"^) = 2AieT^X' - e-'eT^ij^ + ^e-'e(T^^ + g^^)x 

= -e-'eV^ (4 -\^c.X- 2e'Ai\') =0 (A. 10) 

where we have used 

9^^c. = e% = -giKpe'^Al = -g^e^N^pA^ . (A.ll) 

Note that 

i,. - hd - 2e'~^Ai{L-')fX' = e-^(L-i)r (4 - ^T^x - 2e'AiX'). (A.12) 

SGsfj^ua is simply the derivative of the previous result namely 

SGs^,^ = 2d[,6K]^ = 2d[^6{Ai^Ai - Gag.A'',^). (A.13) 
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B. Essential formulae for N = 4, {SO {3) k R^) x (C k R'^) gauged 
super gravity 



In this appendix, we give some details of the calculation and needed quantities in the 
iV = 4, {SO (3) X R^) X (G K R") gauged supergravity constructed in section ^. We 
recall here the useful expressions for coset space 

L-'D,L = Iq'/x^'~ + Q^X- + e^Y^ , 

L-H^L = iv-^"X" + V^X" + V^Y^. (B.l) 
The tensors Ai and A2 can be obtained from the T-tensors by using, with X = 4, 

Jljj _ ^ rpTM,.JM _| ^ ^I.JrpMN,MN 

^ iV-2 (X-l)(X-2) 

aIJ ^ ^ rM(TmrpJ)M j ^ >:IJ fRL mrpKL , ^n^IJ m 

X(iV-2)^ ^' iV(X-l)(iV-2) ^ ^' X ^ • ^ 

where I, J, . . . = 1, ... 4 label the R-symmetry indices. The coordinate index on the 
target space i will be denoted by a pair of indices specifying the entries of the L. In 
order to simplify the equations, we introduce a symbolic notation R for the R-symmetry 
generators including their indices. We start by giving all the V^jS. 

= ^-HiB'R)!, . (B.3) 
The V^^'s are given by 

Vll = -HB^L, Vli = nCiL, V's^^^, = UBsi. (B.4) 
The T-tensors are defined by 

Tab = QmmV^a^^s (B-S) 
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which gives 

1 5^ 

T/i+i = \[- 2g,ndetARs^ + 2g2n^Rs4 + 2hn^Rs^] , 
T^L = \[- 9i'Htap^B^L{ARA)p^ + (?2^/VC/L(5*i?S)jK] , 
T« = ^ [2^i?^e„^^A5;3S^i(Ai?)„4 - 2g2HfijKBsjCKL{B'R)u] (B.6) 
where 5^ = eap^yfijKBaiBpjB^K- Before moving on, we note the useful relations 



ail 

T^K(I r^J)K _ _r r rlJ vli(Ij^J)K_r rj J 

The following combination is useful in computing 

f^'il'^'^P^ ~ ~^^^'^7i{gieal3^esi3'YAi3i3/A^yBaL 

—g2flJKB/3jB-yKesi3-yClL)- (B-8) 

We then find Ai and A2 tensors 

A^J = hrp+lx,6'' (B.9) 



2 ' 6 

where we have defined the following quantities 



T = 2 - giUdetA + ^g2'HB^ + ^/^-H 

X4,„H_i = ^ ( - ^?iHdet A + ^^72^5^ + 
3 

-^(5L = —-'H{gi^al3'r^5l3'-y'Aj3i3iA^yBaL 

—92fijKBi3jBjKesi3jCjL)- (B.IO) 



Using ( |4.18| ), we can compute the potential 

V = - 2 (^T,"tI^~ + ^XiXi ). (B. 11) 
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After some manipulations, we can show that the resulting potential is the same as 
( |3.43|) with the following identifications 
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